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On a generic defining function of projective motion
in the rigid 6-dimensional h-spaces 1
Zolfira Zakirova
2
Abstract
In this note we find a generic defining function of projective motion in the 6-dimensional
rigid h-space.
1 Introduction
In the series of works [Z]–[Z6], we investigate the 6-dimensional pseudo-Riemannian space
V 6(gij) with signature [+ + − − −−], which admit projective motions, i.e. continuous
transformation groups preserving geodesics. The general method of determining pseudo-
Riemannian manifolds that admit some nonhomothetic projective group Gr has been de-
veloped by A.V.Aminova [A95]. A.V.Aminova has classified all the Lorentzian manifolds
of dimension ≥ 3 that admit nonhomothetic projective or affine infinitesimal transfor-
mations. In each case, there were determined the corresponding maximal projective and
affine Lie algebras. This problem is not solved for pseudo-Riemannian spaces with ar-
bitrary signature. In the papers [Z]–[Z5], we found 6-dimensional rigid h-spaces of the
[2211], [321], [33], [411] and [51] types:
the metric of the h-space of the [2211] type
gijdx
idxj = e2(f4 − f2)
2Πσ(fσ − f2){2Adx
1dx2 −A2Σ1(dx
2)2}+ (1)
e4(f2 − f4)
2Πσ(fσ − f4){2A˜dx
3dx4 − A˜2Σ2(dx
4)2}+
∑
σ
eσΠ
′
i(fi − fσ)(dx
σ)2,
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where
A = ǫx1 + θ(x2), A˜ = ǫ˜x3 + ω(x4), (2)
Σ1 = 2(f4 − f2)
−1 +
∑
σ
(fσ − f2)
−1, Σ2 = 2(f2 − f4)
−1 +
∑
σ
(fσ − f4)
−1,
f1 = f2 = ǫx
2, f3 = f4 = ǫ˜x
4 + a, ǫ, ǫ˜ = 0, 1, ǫ 6= ǫ˜, a is a constant nonzero whenever
ǫ˜ = 0, fσ(x
σ), θ(x2), ω(x4) are arbitrary functions, ei = ±1.
the metric of the h-space of the [321] type
gijdx
idxj = e3(f5 − ǫx
3)2(f6 − ǫx
3){(dx2)2 + 4Adx1dx3+ (3)
2(ǫx1 − 2AΣ1)dx
2dx3 + ((ǫx1)2 − 4ǫx1AΣ1 + 4A
2Σ3)(dx
3)2}+
e5(ǫx
3 − f5)
3(f6 − f5){2A˜dx
4dx5 − Σ4A˜
2(dx5)2}+ e6(f5 − f6)
2(f5 − f6)
3(dx6)2,
where
A = ǫx2 + θ(x3), A˜ = ǫ˜x4 + ω(x5), (4)
Σ1 = (f6 − ǫx
3)−1 + 2(f5 − ǫx
3)−1, Σ2 = (f6 − ǫx
3)−2 + 2(f5 − ǫx
3)−2,
2Σ3 = (Σ1)
2 − Σ2, Σ4 = 3(ǫx
3 − f5)
−1 + (f6 − f5)
−1,
f1 = f2 = f3 = ǫx
3, f4 = f5 = ǫ˜x
5 + a, θ(x3), ω(x5), f6(x
6) are arbitrary function,
ǫ, ǫ˜ = 0, 1, ǫ 6= ǫ˜, a is a constant nonzero whenever ǫ˜ = 0, e3, e5, e6 = ±1.
the metric of the h-space of the [33] type
gijdx
idxj = e3(f6 − f3)
3{(dx2)2 + 4Adx1dx3+ (5)
2(ǫx1 − 2AΣ1)dx
2dx3 + ((ǫx1)2 − 4ǫx1AΣ1 + 4A
2Σ2)(dx
3)2}+
e6(f3−f6)
3{(dx5)2+4A˜dx4dx6+2(ǫ˜x4+2A˜Σ1)dx
5dx6+((ǫ˜x4)2+4ǫ˜x4A˜Σ1+4A˜
2Σ2((dx
6)2},
where
A = ǫx2 + θ(x3), A˜ = ǫ˜x4 + ω(x6), (6)
Σ1 = 3(f6 − f3)
−1, Σ2 = 3(f6 − f3)
−2,
f1 = f2 = f3 = ǫx
3, f4 = f5 = f6 = ǫ˜x
6 + a, ǫ, ǫ˜ = 0, 1, ǫ 6= ǫ˜, a is a constant nonzero
whenever ǫ˜ = 0, ei = ±1, θ(x
3), ω(x6) are arbitrary functions.
the metric of the h-space of the [411] type
gijdx
idxj = e4Πσ(fσ − ǫx
4){6Adx1dx4 + 2dx2dx3 + 2(2ǫx2 − 3AΣ1)dx
2dx4− (7)
2
Σ1(dx
3)2 + 2(ǫx1 − 2ǫx2Σ1)dx
3dx4 + 4((ǫx2)2Σ1 + ǫ
2x1x2 −
3
2
ǫx1AΣ1)(dx
4)2}+
3Adx3dx4 + 12ǫx2A(dx4)2 +
∑
σ
eσΠ
′
i(fi − fσ)(dx
σ)2,
where
A = ǫx3 + θ(x4), Σ1 = (f5 − ǫx
4)−1 + (f6 − ǫx
4)−1, (8)
f1 = f2 = f3 = f4 = ǫx
4, f5(x
5), f6(x
6), θ(x4) are arbitrary functions, e4, e5, e6 = ±1,
ǫ = 0, 1
the metric of the h-space of the [51] type
gijdx
idxj = e5(f6 − ǫx
5){8Adx1dx5 + 2dx2dx4+ (9)
2(3ǫx3 − 4AΣ1)dx
2dx5 + (dx3)2 − 2Σ1dx
3dx4 + 2(2ǫx2 − 3ǫx3Σ1)dx
3dx5+
2(ǫx1 − 2ǫx2Σ1)dx
4dx5 + 4(3/2ǫx1ǫx3 + (ǫx2)2 − 2ǫx1AΣ1−
3ǫx2ǫx3Σ1)(dx
5)2}+ e6(ǫx
5 − f6)
5(dx6)2,
where
A = ǫx4 + θ(x5), Σ1 = (f6 − ǫx
5)−1, (10)
θ(x5), f6(x
6) are arbitrary functions, f1 = f2 = f3 = f4 = f5 = ǫx
5, e5, e6 = ±1, ǫ = 0, 1.
The defining function of projective motion in the 6-dimensional rigid h-spaces is
ϕ =
1
2
6∑
i=1
fi. (11)
In the paper [Z6], we determined conditions of the constant curvature of the 6-
dimensional rigid h-spaces:
for the h-space of the [2211] type
ρp − ρσp = ρp − ρpq = ǫ = ǫ˜ = 0 (p 6= q, p, q = 2, 4, σ = 5, 6), (12)
for the h-space of the [321] type
f ′6 = ǫ = ǫ˜ = 0, (13)
for the h-space of the [33] type
ǫ = ǫ˜ = 0, (14)
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for the h-space of the [411] type
ρp − ρσp = ǫ = γ1 = γ2 = 0 (σ = 5, 6, p = 4), (15)
for the h-space of the [51] type
f ′6 = ǫ = 0, (16)
where ρp, ρσp, ρpq, γ1 and γ2 are determined by formulas
ρp = −
1
4
∑
σ
(f ′σ)
2
(fσ − fp)2gσσ
, ρpq = −
1
4
∑
σ
(f ′σ)
2
(fσ − fp)(fσ − fq)gσσ
, (17)
ρσp = −
1
4
(f ′σ)
2
(fσ − fp)gσσ
{
2f ′′σ
(f ′σ)
2
−
1
fσ − fp
+
∑
i,i 6=σ
(fi − fσ)
−1}
−
1
4
∑
γ,γ 6=σ
(f ′γ)
2
(fγ − fp)(fγ − fσ)gγγ
.
γ1 = −
1
4
∑
σ
(f ′σ)
2
(fσ − f4)3gσσ
, γ2 = −
1
4
∑
σ
(f ′σ)
2
(fσ − f4)4gσσ
. (18)
The results obtained in the papers [Z]-[Z6] are necessary for investigating properties
of the defining function of projective motion in the rigid 6-dimensional h-spaces.
2 Generic defining function of projective motion
in the rigid 6-dimensional h-spaces
In this section we prove the following theorem that manifestly gives any defining function
of projective motion.
Theorem. Any defining function of projective motion in the rigid h-spaces of noncon-
stant curvature can be presented as φ = a1ϕ, where a1 is a constant and ϕ is determined
by (11).
Proof. Suppose we are given with a vector field ξi that gives the projective motion with
the defining function φ in the rigid h-spaces. Then, for the tensor bij = L
ξ
gij the following
Eisenhart equations [E] are fulfilled
bij,k = 2gijφ,k + gikφ,j + gjkφ,i. (19)
Their integrability conditions are
bmiR
m
jkl + bmjR
m
ikl = gikφ,jl + gjkφ,il − gliφ,jk − gljφ,ik. (20)
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Let us show that for any projective motion in the rigid h-spaces the following conditions
are satisfied
bαβ = 0, φ,αβ = 0, (21)
α, β being indices of vanishing components of the metric gαβ of the h-spaces of the [2211],
[321], [33], [411] and [51] type.
For the h-space of the [2211] type, the set (ijkl) = (3112), (3314), (3σ1σ), (1334),
(1132), (1σ3σ). From (20), one finds
b13R
1
112 = −g12φ,13, b13R
1
314 = −g34φ,13, b13R
1
σ1σ = −gσσφ,13, (22)
b13R
3
334 = −g34φ,13, b13R
3
132 = −g12φ,13, b13R
3
σ3σ = −gσσφ,13, (23)
From (22) it follows that
b13(χ2 − ρ24) = b13(χ2 − ρσ2) = 0,
and from (23)
b13(χ4 − ρ24) = b13(χ4 − ρσ4) = 0.
If b13 6= 0, then χp − ρσp = 0 (p = 2, 4). Since we consider h-spaces of the nonconstant
curvature, one necessarily puts b13 = 0, hence φ,13 = 0. Similarly one can get other
equalities (21).
In the case of the h-space of the [321] type, when (ijkl) = (1212), (1415), (1515),
(1616), (2212), (1123), (2415), (4125), equations (20) leads to the following identities
b11R
1
212 = −g22φ,11, b11R
1
123 = b11R
1
425 = 0, (24)
b11
R1415
g45
= b11
R1515
g55
= b11
R1616
g66
= φ,11, (25)
hence
b11(χ3 − ρ63) = b11(χ3 − ρ53) = b11(χ3 − ρ53 −
ǫ˜ω′
(f5 − f3)A˜g55
) = 0.
If b11 6= 0, then χ3 − ρ63 = χ3 − ρ53 = ǫ˜ = 0. From this it follows that ǫ = ρ3 − ρ53 = 0,
and f ′6 = 0. Therefore, χ5 − ρ53 = χ5 − ρ65 = γ = 0, this leads to the constant curvature
h-space. In such a manner, b11 = φ,11 = 0. Similarly one can get other equalities (21).
To prove that b11 = φ,11 = 0 for the h-space of the [33] type, set (ijkl) = (1212),
(1416) and (1516) in (20). Then, one obtains
b11R
1
212 = −g22φ,11, b11R
1
416 = −g46φ,11, (26)
5
b11(
R1212
g22
−
R1516
g56
) = 0. (27)
Since R1416 = 0 and g46 6= 0, we get φ,11 = 0. Then, from (27) it follows that b11 = 0,
since R1212 6= 0. Similarly one can get other equalities (21).
Putting (ijkl) = (1213), (1313), (1σ1σ), (3312), (1314) in the case of the h-space of the
[411] type, one gets
b11R
1
213 = −g23φ,11, b11R
1
313 = −g33φ,11, (28)
b11R
1
σ1σ = −gσσφ,11, (29)
b13R
1
312 = −g23φ,13, b11R
1
314 + b13R
1
114 = −g14φ,13 − g34φ,11. (30)
Since
R1213 = R
1
312 = g23ρ4, R
1
114 = g14ρ4,
R1313 = g33ρ4 + γ1g23 +
2ǫ2
9A2
, R1σ1σ = gσσρσ4,
R1314 = g34ρ4 + γ1g24 + γ2g14 +
2ǫ
3A2
(θ′ −
4ǫ2x2
3
),
then, from (28) and (29), we have
b11(ρ4 − ρσ4) = b11(ρ4 − ρσ4 + γ3
g23
g33
+
2ǫ2
9A2g23
) = 0.
From (29) and (30), one finds
b11(ρ4 − ρσ4 + γ3
g24
g34
+ γ4
g14
g34
+
2ǫ
3A2g34
(θ′ −
4ǫ2x2
3
)) = 0.
Let us b11 6= 0. From the last relations it follows that ρ4 − ρσ4 = ǫ = γ1 = γ2 = 0,
which are necessary and sufficient conditions of the constant curvature of these h-spaces,
therefore, b11 = 0, and, hence, φ,11 = 0. Similarly one can get other equalities (21).
For the h-space of the [51] type from integrability conditions one can similarly get
equalities (21).
Consider equation (19). Putting (ijk) = (1σσ), (3σσ), (στσ), (τστ) (σ, τ = 5, 6, σ 6= τ)
for the h-space of the [2211] type, we determine
φ,1 = 0, φ,3 = 0, (31)
φ,σ = f
′
σPστ , φ,τ = f
′
τPστ , Pστ ≡
1
2
bττg
−1
ττ − bσσg
−1
σσ
fτ − fσ
, (σ 6= τ). (32)
6
From this it follows that f ′σφ,τ = f
′
τφ,σ. Therefore, from the condition φ,στ = 0, one gets
∂στφ = 0. (33)
Using relations obtained from (19) with (ijk) = (1τ2), (2ττ), (τττ), we find
φ,τ =
1
2
f ′τ
fτ − f2
(
bττ
gττ
−
b12
g12
), (34)
φ,2 =
ǫ
fτ − f2
(
bττ
gττ
−
b12
g12
), (35)
∂τ bττ
gττ
= −f ′τ
∑
i,j 6=τ
(fi − fτ )
−1 bττ
gττ
+ 4φ,τ . (36)
From (34) and (35), we have
2ǫφ,τ = f
′
τφ,2. (37)
These relations and conditions φ,2τ = 0 give
∂2τφ = 0. (38)
Differentiating (34) w.r.t. xτ and taking into account (36), one obtains
f ′τ∂τφ,τ = f
′′
τ φ,τ . (39)
Now, from (19) with (ijk) = (142), (234), one finds
φ,2 =
ǫ˜
f4 − f2
(
b34
g34
−
b12
g12
), φ,4 =
ǫ
f4 − f2
(
b34
g34
−
b12
g12
), (40)
hence, ǫφ,4 = ǫ˜φ,2 and, since φ,24 = 0, one obtains ∂24φ = 0.
Assuming (ijk) = (3τ4), (4ττ) in equation (19), one obtains
2ǫ˜φ,τ = f
′
τφ,4, (41)
therefore, taking into account φ,4τ = 0, we have ∂4τφ = 0. If not all f
′
τ = 0, then, from
(37), (39) and (41), one finds
φ,τ =
1
2
a1f
′
τ , φ,2 = a1ǫ, φ,4 = a1ǫ˜. (42)
The first equation of (42) is correct whenever f ′τ = 0 due to relation (34). Integrating
equation (42), one obtains
φ =
1
2
a1
6∑
i=1
fi = a1ϕ, f1 = f2 = ǫx
2, f3 = f4 = ǫ˜x
4 + a, (43)
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where ϕ determined by formula (11). If all f ′τ = 0, then, from (20) with (ijkl) =
(τ2τ2), (τ4τ4), one finds ∂22φ = ∂44φ = 0, and, therefore, (43) is correct.
For the h-space of the [321] type, putting in equation (19) (ijk) = (166), (266), (466),
one obtains φ,1 = φ,2 = φ,4 = 0.
Equation (19) with (ijk) = (163), (366), (666) leads to
φ,6 =
1
2
f ′6
f6 − f3
(
b66
g66
−
b13
g13
), (44)
φ,3 =
3
2
ǫ
f6 − f3
(
b66
g66
−
b13
g13
), (45)
∂6b66
g66
= −f ′6
∑
i,j 6=6
(fi − f6)
−1 b66
g66
+ 4φ,6, (46)
hence
f ′6∂6φ,6 = f
′′
6 φ,6, (47)
3ǫφ,6 = f
′
6φ,3. (48)
Since φ,36 = 0, then, from equation (48), it follows that ∂36φ = 0. In case of (ijk) =
(465), (566), from (19) we have
φ,6 =
1
2
f ′6
f6 − f2
(
b66
g66
−
b12
g12
), (49)
φ,2 =
ǫ
f6 − f2
(
b66
g66
−
b12
g12
), (50)
and, therefore,
2ǫφ,6 = f
′
6φ,2. (51)
Substituting (ijk) = (345), (513) in (19), one finds
φ,3 =
3
2
ǫ
f5 − f3
(
b45
g45
−
b13
g13
), φ,5 =
ǫ˜
f5 − f3
(
b45
g45
−
b13
g13
), (52)
therefore,
3ǫφ,5 = 2ǫ˜φ,3. (53)
From this relation, taking into account φ,35 = 0, we find ∂35φ = 0. If f
′
6 6= 0, then,
integrating the equations (47), (48) and (53), one obtains
φ =
1
2
a1
6∑
i=1
fi = a1ϕ, f1 = f2 = f3 = ǫx
3, f4 = f5 = ǫ˜x
5 + a, (54)
where ϕ is determined by formula (11).
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On the contrary, from equation (20) with (ijkl) = (3312), (3636), (6565) one can
obtain ∂33φ = ∂55φ = 0 which leads to the desired result.
From (19) with (ijk) = (166), (266), (433), (533), (346), (613) in the case of the h-space
of the [33] type, one obtains the following relations
φ,1 = φ,2 = φ,4 = φ,5 = 0,
φ,3 =
3
2
ǫ
f6 − f3
(
b46
g46
−
b13
g13
), φ,6 =
3
2
ǫ˜
f6 − f3
(
b46
g46
−
b13
g13
).
Hence
ǫ˜φ,3 = ǫφ,6. (55)
Therefore, from the condition φ,36 = 0, one obtains ∂36φ = 0. If ǫ˜ 6= 0, then, differentiating
relation (55) w.r.t. x3, we have ∂33φ = 0. If ǫ˜ = 0, then ǫ 6= 0, since we consider the space
of nonconstant curvature. In case when ǫ˜ = 0 and ǫ 6= 0, the relation ∂33φ = 0 follows
from (20) with (ijkl) = (3312), (3436). Similarly one can get that ∂66φ = 0. Integrating
the obtained equations, one finds
φ =
1
2
a1
6∑
i=1
fi = a1ϕ, f1 = f2 = f3 = ǫx
3, f3 = f4 = f6 = ǫ˜x
6 + a, (56)
where ϕ is determined by formula (11).
For the h-space of the [411] type from (19) with (ijk) = (1ττ), (2ττ), (3ττ) (τ = 5, 6),
one obtains
φ,1 = φ,2 = φ,3 = 0.
For this h-space relations (32) are also correct. From these it follows that ∂στφ = 0
(σ, τ = 5, 6, σ 6= τ). Using the obtained results, from (19) (ijk) = (1τ4), (4ττ), (τττ), we
find
φ,τ =
1
2
f ′τ
fτ − f4
(
bττ
gττ
−
b14
g14
), (57)
φ,4 = 2
ǫ
fτ − f4
(
bττ
gττ
−
b14
g14
), (58)
∂τ bττ
gττ
= −f ′τ
∑
i,j 6=τ
(fi − fτ )
−1 bττ
gττ
+ 4φ,τ , (59)
hence,
f ′τ∂τφ,τ = f
′′
τ φ,τ , (60)
4ǫφ,τ = f
′
τφ,4. (61)
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Using the condition φ,4τ = 0 and relation (61), one gets ∂4τφ = 0. If not all f
′
τ 6= 0, then,
from obtained formulas it follows that
φ =
1
2
a1
6∑
i=1
fi = a1ϕ, f1 = f2 = f3 = f4 = ǫx
4, (62)
where ϕ is determined by formula (11). In the opposite case, when all f ′τ = 0, we have
φ,τ = φ,14 = φ,23 = φ,24 = φ,ττ = 0,
φ,34 = −
2ǫ2
3A(fτ − f4)
(
bττ
gττ
−
b14
g14
), (63)
φ,44 = ∂44φ−
2ǫ(3θ′ − 2ǫ2x2)
3A(fτ − f4)
(
bττ
gττ
−
b14
g14
),
where ǫ = 1, since when ǫ = f ′τ = 0 the space is of constant curvature.
Put (ijkl) = (4413), (4τ4τ) in equation (20). One finds
b14R
1
413 + b24R
2
413 = g14φ,34, (64)
b14R
1
τ4τ + b24R
2
τ4τ + bττR
τ
44τ = −gττφ,44. (65)
Expressing b24 from (64) and substituting the result in (65), taking into account (63), one
obtains ∂44φ = 0 coming to the result needed.
Using equations (19) with (ijk) = (166), (266), (366), (466), (165), (566), (666) in the
case of the h-space of the [51] type, one gets
φ,1 = φ,2 = φ,3 = φ,4 = 0,
φ,6 =
1
2
f ′
6
f6 − f5
(
b66
g66
−
b15
g15
), φ,5 =
5
2
ǫ
f6 − f5
(
b66
g66
−
b15
g15
), (66)
∂6b66
g66
= −5f ′6(f5 − f6)
−1 b66
g66
+ 4φ,6,
and, hence,
f ′6∂6φ,6 = f
′′
6φ,6, 5ǫφ,6 = f
′
6φ,5. (67)
The last equation and the condition φ,56 = 0 lead to
∂56φ = 0. (68)
Integrating equations (67) and (68) when f ′6 6= 0, one obtains
φ =
1
2
a1
6∑
i=1
fi = a1ϕ, f1 = f2 = f3 = f4 = f5 = ǫx
5, (69)
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where ϕ is obtained by formula (11).
In the case of f ′6 = 0, from the formulas obtained we can find
φ,6 = φ,15 = φ,24 = φ,25 = φ,33 = φ,34 = φ,35 = φ,66 = 0,
φ,45 = −
15ǫ2
16A(f6 − f5)
(
b66
g66
−
b15
g15
), (70)
φ,55 = ∂55φ−
5ǫ(4θ′ − 3ǫ2x3)
4A(f6 − f5)
(
b66
g66
−
b15
g15
),
where ǫ = 1, since we consider the space of nonconstant curvature.
From (20) with (ijkl) = (5514), (5656) and taking into account (19), one obtains the
equality ∂55φ = 0, which leads to relation (69).
Therefore, the theorem is proved.
I am grateful to professor A.V.Aminova for constant attention to this work and for
useful discussions.
References
[A95] Aminova A. V. Lie algebras of infinitesimal projective transformations of Lorentz
manifolds (in Russian) // Uspekhi Mat. Nauk 50 (1995), no. 1(301), 69-142.
[E] L.P. Eizenhart, Riemannian geometry, Princeton University Press, 1997.
[Z] Z. Zakirova, PhD thesis, 2001, Kazan State University
[Z1] Z. Zakirova, First integral of the geodesics equations in 6d h-spaces // in: Proc. of
Geometry Seminar, Kazan, 1996
[Z2] Z. Zakirova, 6-dimensional h-spaces of the special type // Lobachevskiy Int. geom.
seminar, Kazan, 1997: Abstracts of contributed papers – Kazan, 1997.- P. 52.
[Z3] Z. Zakirova, On one solution of the Eisenhart equation. // ”Latest problems of the
field theory. 1999-2000”. Editor A. V. Aminova.- Kazan, 2000. . 104-109.
[Z4] Z. Zakirova, First integral of the geodesics equations in h-space of the [411] type. //
Izv. Vuzov. Mathematics. N9 (448), 1999, . 78-79.
[Z5] Z.Zakirova, On projective group properties of the 6d h-space of the type [33],
math.DG/0101052; submitted to ”Classical & Quantum Gravity”
[Z6] Z.Zakirova, Rigid 6-dimensional h-spaces of constant curvature, math.DG/0301105
11
